Triatomic transition-metal oxides in the "inserted dioxide" (O-M-O) structure represent one of the simplest examples of systems that undergo qualitative geometrical changes via subtle electronicstructure modulation. We consider here three transition-metal dioxide molecules (MO 2 where M = Mn, Fe, or Co), for which the equilibrium structural (e.g., bent or linear geometry) and electronic (e.g., spin or symmetry) properties have been challenging to assign both theoretically and experimentally. Augmenting a standard density-functional theory (DFT) approach with a Hubbard term (DFT+U ) occasionally overlocalizes the 3d manifold, leading to an incorrect bond elongation and, in turn, poor equilibrium geometries for MO 2 molecules, while preserving good spin-state splittings. Proper description of both geometry and energetics for these molecules is recovered; however, through either calculating DFT+U relaxations at fixed M-O bond lengths or by inclusion of an intersite interaction term V that favors M(3d)-O(2 p) interactions. In this latter case, both U and V are calculated fully from first-principles and are not fitting parameters. Finally, we identify an approach that more accurately determines the Hubbard U over a coordinate in which the covalent character of bonding varies.
I. INTRODUCTION
Transition-metal oxides are fundamental reactive intermediates in both biological systems like metalloenzymes [1] [2] [3] and in inorganic catalysts. [4] [5] [6] The triatomic transition-metal oxides that consist of a single transition metal and two oxygen atoms represent a significant increase in complexity over the simplest case of the diatomic molecule. In particular, there are several MO 2 isomers: one in which the dioxygen molecule interacts weakly with the transition-metal in a side-on or end-on geometry or one in which the metal forms an inserted dioxide in either a bent or linear fashion. 7 We focus here on the latter case, which has been shown to be more energetically stable for most transition-metal-containing molecules. 8 The inserted dioxides are of particular interest because the relative energetics of a bent or linear structure may be very sensitive to the spin, symmetry, and nature of hybridization in a given electronic state.
A large number of experimental studies of inserted dioxides have been carried out on the mid-row transitionmetal dioxides, MnO 2 , 9-11 FeO 2 , 12-14 and CoO 2 . [15] [16] [17] [18] Experimentally, the early-to mid-row transition-metal dioxides prefer bent structures, while the later transition-metal oxides have linear structures. The mid-row transition-metal oxides represent a formidable challenge for theoretical calculations, which, while extensive for MnO 2 , 19, 20 FeO 2 , 8, [20] [21] [22] and CoO 2 , 20, 23, 24 have been inconclusive or contradictory with respect to experiment. The greatest difficulty for this class of systems from a computational standpoint is to correctly assign the ground state spin and symmetry as well as the geometric structure (i.e., whether the molecule is bent or linear). a) Electronic mail: hkulik@stanford.edu.
We have previously shown that augmenting a standard density-functional theory (DFT) approach with a Hubbardlike "+U" term can greatly improve spin-state assignments in transition-metal-containing molecules. However, the same DFT+U method does not always improve structural properties over standard DFT (we use here generalized-gradient approximations, referred to as GGAs). 25 In this work, we explore several means to correctly describe both structure and energetics for this class of molecules.
The DFT+U method includes an approximation based upon the Hubbard model, 26, 27 and it has been widely used in the solid state physics community to treat strongly correlated systems. [28] [29] [30] We have recently demonstrated 4, 5, 25 that such an approach can very accurately treat transition-metal complexes, 31, 32 where only one or few transition-metals are involved (see Ref. 33 for a comparison to different functionals). DFT+U achieves high accuracy by correcting selfinteraction errors of standard local or semilocal exchangecorrelation functionals with Hartree-Fock-like treatments on a localized set of atomic orbitals. In addition, the strength of this local correction can be determined fully from firstprinciples, thanks to a linear-response formulation. 34 A rotationally invariant formulation of DFT+U (Refs. 4, 34, and 35) adds a Hubbard term of the form
where n I σ is the occupation matrix of the localized manifold(s) at site I with spin σ . This functional form, which is tied to the exact correction needed for simple exchangecorrelation functionals in the limit of an atomic system, 34, 36 n approaches 0 or 1. Recently introduced and related density-functional theory approaches aim to improve delocalization errors through fixing the energetics at fractional occupations, 37 increasing the order of approximation in the exchange-correlation functional, 38 localizing orbitals in an ad hoc fashion, 39 and varying the amount of Hartree-Fock exchange in the functional based on a distance constraint. 40, 41 Occupations of localized atomic levels in a molecule that enter into E U may typically be determined through projections onto an atomic or molecular orbital basis, population analysis, or any other number of methods. 34 We project onto atomic orbitals because of their simplicity, generality and because they permit comparison across many different coordination environments and structures. Generally, all approaches for determining occupations lead to the same expression for the occupation matrix elements:
where σ kv is the valence electronic wavefunction corresponding to a given molecular state with spin σ and f σ kv is the occupation of the molecular level. The P I mm are generalized projection operators that satisfy a number of conditions 34 including that the orthogonality of projectors for a single site is maintained. 35 In molecules, the Hubbard augmentation of the functional improves the delocalization that occurs as a result of the self-interaction error present in most functionals. It has been shown 34 that U may be calculated directly from the linear response:
where χ I J is the response function obtained from applying an arbitrary shift α J to the potential on the site J that results in a reorganization of the occupations n I on site I . A similar expression may be obtained for the noninteracting case, χ 0 , as a linear shift in the potential can still result in rehybridization that must be removed from our overall expression to determine U . Our final value is then obtained as
χ is simply a scalar if we are only interested in a single manifold and site or it becomes a matrix in the case of multiple sites or manifolds. We stress that U is calculated fully from first-principles as a system-dependent property and not used as a fitting parameter in any way. A recent extension to this approach focuses on inclusion of intersite interactions through an additional "+V" term. 42 The intersite interactions play an important role in condensed phase systems where both extended and localized 3d-derived states coexist. In DFT+U+V, interactions between electrons on different sites (e.g., a transition metal's 3d states and an oxygen atom's 2 p states) are included in the model Hamiltonian. It follows that intersite interactions are particularly relevant in highly covalent transition-metal complexes. The simplified additive form of the "+U +V" energy functional is
where the first term is simply the same as the original E U functional and the second term is the additional intersite contribution. The "+V" term sums the intersite interactions over each atom I and any atom J within a given distance (indicated by the * index). For a relatively small molecule, any atom of the same type is typically counted in the intersite interaction, while for larger molecules a distance cutoff may be imposed. While in the original "+U" functional, fractional occupations were penalized, the new "+V" term stabilizes states that are formed from combinations of atomic orbitals on differing atoms. The result is a competition between "+U" and "+V" terms that effectively favors the covalent nature of bonds that may be overly penalized by a straightforward DFT+U approach. The V term that enters into the functional may also be calculated alongside U in a similar manner. A more detailed description of the intersite extension and calculation of the V term is provided in Ref. 42 . For molecules, we will show that the "+V" term primarily reverses some of the bond elongation that occurs in DFT+U, thus improving structural descriptions, while maintaining the energetic state splittings that make DFT+U often outperform a standard DFT(GGA) approach.
II. METHODS
Plane-wave, density-functional calculations were completed with the QUANTUM-ESPRESSO package 43 using the Perdew-Burke-Ernzerhof 44 GGA. We augmented this standard GGA functional with a self-consistent, linear-response, Hubbard U term, as previously outlined 4, 34 as well as with a recently introduced "+V" term. 42 Ultrasoft pseudopotentials were used with a plane-wave cutoff of 30 Ry for the wavefunction and 300 Ry for the charge density to ensure forces and spin-state splittings were converged with respect to basis set size. In the case of Mn and Fe, the semicore 3s and 3 p states were included in the valence, while for Co only 4s and 3d states were treated as valence states. DFT+U calculations were carried out with a U on 3d states of the transitionmetal, while the intersite calculations included both a U on 3d states and an inter-site term, V between the 3d states of the metal and the 2 p states of oxygen. The V term was calculated by perturbing the oxygen 2 p states and calculating the linear response of the 3d manifold from a matrix of both the 2 p and 3d response functions. Damped dynamics with a geometric constraint were used to obtain single-dimensional potential energy curves for the angle-dependent energetics of the transition-metal dioxides. These calculations optimized the metal-oxo bond lengths with respect to a fixed O-M-O angle that was resolved in 5
• increments.
III. RESULTS
The transition-metal center in the inserted dioxide form of MO 2 (M = Mn, Fe, Co) may be approximately described as being in a high-valent M(IV) state. However, the molecules exhibit a strongly covalent nature, and a O 2− -M 4+ -O 2− picture is overly simplistic. In fact, for manganese, iron, and cobalt, a variety of MO 2 states exist within 1 eV of the lowest energy structure, in contrast to the larger 2-4 eV splittings of atomic levels of M 4+ ions. 45 We calculate the linear-response and self-consistent values of Hubbard U for both bent and linear structures of each of the lowest energy spin states in Table I .
Manganese, iron, and cobalt all yield similar values of U for the bent structures at around 5 eV. The linear structure exhibits a slightly larger value of U , but we will later show that the 6-7 eV value is, in part, an overestimate. The calculation of the intersite V was also carried out for each species and found to be, on average, 2 eV. The small spread in values of Hubbard U for each spin state and structure suggests that by employing an average U and V in all GGA+U and GGA+U +V calculations that all spin states and molecules will be treated equivalently well. The experimental ground state spin of each molecule is highlighted, and this spin state generally corresponds to a lower multiplicity than that of the isolated M(IV) ion. 45 We will later consider which orbitals contribute to favoring bent structures over linear structures in each of these molecules.
A. MnO 2
Numerous experimental 9-11 and theoretical 19, 20 studies have been carried out on manganese dioxide. Early electron spin resonance experiments suggested that the inserted dioxide was a linear molecule, 9 but later experimental infrared spectra that were collected using laser-ablated manganese atom precursors instead demonstrated more conclusively that the OMnO structure was a bent 4 B 1 state with a 135 ± 5
• O-Mn-O angle. 10 Bond angles of inserted dioxide molecules can be determined experimentally from infrared (IR) spectra. While the symmetric stretching mode (v 1 ) is IR inactive for the linear structure, use of isotopes as in 18 OM 16 O will reduce the symmetry and make the symmetric-stretch IR active. By comparing the spectra with and without isotopic substitution, one can determine if the molecule is linear. The isotopic ratio of the antisymmetric stretching mode frequency provides a route to estimate the bond angle. 7 An upper limit is obtained from the oxygen isotopic ratio and a lower limit is obtained A comparison of the experimental and theoretical bond angles for all molecules considered in this work are presented in Table II . It is worth noting that a molecule may appear quasilinear if the linear structure is only slightly higher in energy than the bent minimum energy structure because the experimental bond angle is determined from a vibrational average at the zero point level. 19 For GGA+U calculations with increasing values of Hubbard U, the relative energetics of the bent and linear structures are swapped, and the linear structure is instead favored at U = 6 eV. The bent and linear structures become degenerate in energy at U = 4.6 eV, and the splitting at larger values of U is quite small-only around 0.1 eV. Employing a GGA+U approach has the overall effect of flattening the angular-dependent potential energy curve for MnO 2 from a double-welled structure to a single, wider well with a linear structure at the minimum, which does not agree with the experimentally determined structure.
Upon observing that the GGA+U preference for linear structures also corresponded to a Mn-O bond distance elongated by nearly 0.1 Å with respect to GGA (Table II) , we investigated how angular potential energy curves might vary at differing fixed Mn-O bond distances. A comparison of the angular dependence of the energetics for different fixed values of r Mn−O reveals that a bent global minimum is preserved even for values of U as high as 6 eV if r Mn−O is fixed to 1.55 Å (Fig. 1) , which is approximately the GGA equilibrium value (see Table III ). At a slightly larger r Mn−O = 1.70 Å, both GGA and U = 4 eV curves exhibit a bent minimum energy structure. For the stretched r Mn−O = 1.85 Å, all values of U find The angular-dependent potential energy curves depicted are for GGA (U = 0 eV, black circles) and GGA+U (U = 4 eV, blue triangles and U = 6 eV, red squares), where the two GGA+U values correspond to a lower value of U at which the bent structure is preferred over linear structure at equilibrium bond length and a higher value of U where the trend reverses.
a linear structure to be lowest in energy. This trend demonstrates that the preference of a GGA+U approach for linear structures over bent structures arises because of the natural tendency to overelongate bonds, particularly when the occupation matrix is obtained from projections onto atomic orbitals (as opposed to bond-centered orbitals). This bond elongation has a secondary effect of further weakening the angular energetic dependence in addition to the weaker dependence for GGA+U curves over GGA at a fixed r . Constraining the bond distance in GGA+U calculations to GGA values (referred to as GGA+U | r 0 ) recovers a bent structure with an O-Mn-O angle of 140
• in excellent agreement with the 135 ± 5
• experimental value. 10 As an alternative to constraining the GGA+U calculation to GGA bond distances in order to determine the O-Mn-O angle, we calculated properties of 4 B 1 MnO 2 with GGA+U +V . Recently implemented GGA+U +V approaches 42 include an intersite terms for interactions between the 3d states of Mn with the 2 p states of O. Inclusion of a V = 2 eV in addition to the U scf = 5 eV recovers the correct bent geometry of quartet MnO 2 . The Mn-O bond distance determined from a full relaxation with GGA+U +V is essentially the same as that for GGA (see Table III ). Additionally, the OMn-O angle is 139
• in agreement with experiment and the previously determined GGA+U | r 0 value. Both approaches effectively accomplish the same correction over standard GGA: they reduce Mn-O bond distances and, in doing so, correctly favor the experimentally observed bent geometry.
The lowest-lying state of MnO 2 , 4 B 1 , is well-separated from other electronic states for all methods considered. The next lowest states, 2 B 1 and 6 A 1 , lie 0.7 and 2.0 eV above the ground state, respectively, when calculated with GGA. These energetic separations agree with previous GGA results, 19 and they do not shift qualitatively with GGA+U or GGA+U +V . The 2 B 1 state differs from 4 B 1 by a flipped spin for an electron in an a 1 molecular orbital. As a result, the doublet state geometric structure is comparable to that of the quar- tet, with GGA bond length and angle equal to 1.62 Å and 131
• , respectively. The GGA+U (U = 5 eV) structure is still bent, though slightly less, contrary to the results obtained for the quartet. The GGA+U | r 0 and GGA+U +V structural properties are intermediate between GGA+U and GGA (see Table IV ). The 6 A 1 state has a much more strongly bent minimum energy structure, with a GGA bond angle around 105
• . This structure becomes flatter, though still linear, in GGA+U with a bond angle of 120
• (see Table IV ). We will later show that the sharper bond angle of the sextet state is directly derived from enhanced occupation of Mn-derived δ orbitals.
B. FeO 2
Numerous theoretical 8, [20] [21] [22] and experimental 12-14 studies have been carried out on iron dioxide. Formation of the OFe(IV)O inserted dioxide is believed to occur experimentally via formation of an excited peroxo Fe(O 2 ) species which isomerizes to form the more stable inserted dioxide. 8 Theoretical calculations 22 on the inserted dioxide species of FeO 2 in several spin states have demonstrated that both pure and hybrid GGAs perform reasonably well at assigning relative energetics and structures of the lowest-lying triplet and quintet states. Unlike the manganese species, the iron dioxide triplet and quintet states are very close in energy, and determination of the relative energetics of these states can be very sensitive to the approach employed.
Experimentally, the 3 B 1 state is believed to be the lowest in energy, and its bond angle has been measured to be 150 ± 10
• . The ground state determined by GGA calculations is the quintet, not the triplet, though the triplet is only 0.07 eV higher in energy. The triplet structure in GGA is just below the experimental angle uncertainty at about 138
• . The 5 B 2 state of FeO 2 has a sharper O-Fe-O bond angle than the triplet by at least 20
• for all methods employed. The experimentally determined bond angle agrees well with the calculated value for the triplet but not the quintet, making it unlikely that the quintet is the ground state as is predicted in GGA. A singlet state of FeO 2 also lies around 0.5 eV above the triplet and quintet states but is well-separated from the triplet and quintet states in the region of interest.
With GGA+U , we reverse the triplet-quintet splitting from GGA in improved agreement with experimental findings, but GGA+U also predicts a linear triplet (Fig. 2) . The geometric transition from bent to linear with GGA+U is induced, as in MnO 2 , by the Fe-O bond elongation from 1.59 Å in GGA to 1.67 Å in GGA+U . Both the GGA+U | r 0 and GGA+U +V approaches recover an O-Fe-O angle of around 155
• in agreement with experiment. Both techniques also favor the triplet over the quintet by about 0.1-0.2 eV, in agreement with high-level, quantum chemistry approaches. 22 Interestingly, the 5 B 2 state remains bent for all methods considered (see Table IV ). Even though the energy difference between bent and linear structures is reduced from GGA (1.2 eV) to only about 0.2 eV for GGA+U (and higher at about 0.8 eV for GGA+U +V ), the difference in computed bond angle between all three approaches is only 15
• . Overall, a GGA+U | r 0 or GGA+U +V result provides the best agreement for both structure and energetics with experiment over GGA or GGA+U alone.
C. CoO 2
Numerous experimental [15] [16] [17] [18] and theoretical 20, 23, 24 calculations have been carried out on cobalt dioxide. Experimental studies including electron spin resonance, 15 gas phase flow reactivity, 16 and infrared study of laser-ablated cobalt and oxygen in solid argon 13, 18 have all pointed towards a 2 + ground state for the OCoO inserted dioxide. Densityfunctional theory calculations using the generalized-gradient approximation, however, have failed to agree with experimental observations by instead predicting a bent ground state on the doublet spin surface. 20, 23, 24 In fact, in some cases it was observed that higher spin states such as a sextet were stabilized in energy with respect to the experimentally observed doublet state. 24 However, combined coupled cluster theory and experimental work later confirmed that a doublet state with a linear structure is in fact preferred. 18 Our GGA results find a doublet state to be the lowest by 0.05 eV with respect to a quartet state and 0.7 eV with respect to the lowest sextet state. However, GGA predicts a bent structure with an O-Co-O angle of 158
• instead of a 2 + linear ground state. The GGA+U , GGA+U | r 0 , and GGA+U +V approaches yield instead a linear structure in agreement with experiment (see Table II ). In contrast, the GGA excited 4 A 1 state is bent with a 123
• O-Co-O angle, which is also found to be bent with the other approaches (Table V) . GGA overhybridizes the δ-like orbitals of Co and, as a result, favors bent structures exclusively over linear structures. In the case of doublet CoO 2 , both GGA+U and GGA+U +V description provide good agreement with experiment.
D. Overall view of hybridization in inserted dioxides
Although typically considered nonbonding, d xy and d x 2 −y 2 atomic orbitals play a critical role in stabilizing a bent geometry in inserted dioxides. A lobe of the transition metal orbital hybridizes with oxygen 2 p orbitals to form a bond with the majority of the density centered on the O-O midpoint (Fig. 3) . If, however, we elongate the M-O bond, the distance between O 2 p orbitals and d xy or d x 2 −y 2 orbitals increases and overlap decreases. For bond distances that are stretched (1.8 and 2.0 Å) with respect to an equilibrium value of 1.6 Å, this hybridization that stabilizes a bent structure disappears. Such a result explains the shallow angular dependence for elongated M-O bonds either through stretching or through use of a "+U" approach.
The extent of deviation of the equilibrium bond angle of MO 2 from 180
• is not dictated by relative bond lengths for the different transition metal species. For all three transition metals, the GGA bond lengths of the lowest energy states This article has been downloaded from and is intended for personal use only http://www.kuliklab.org are within about 0.06 Å of each other, and this spread is preserved or reduced in GGA+U and GGA+U +V , respectively (Table III) . Rather, distinctions between preferred O-M-O bond angles (Table II) are largely dictated by the relative population of bonding and antibonding orbitals that enhance the density across the oxygen-oxygen distance as mediated primarily by δ-like orbitals on the metal (Fig. 3) . The MnO 2 species has the smallest O-M-O bond angle, while both FeO 2 and CoO 2 are significantly more obtuse at the GGA level, possibly because a lower electron count in Mn(IV) results in the population of fewest antibonding orbitals. A side-by-side comparison of prototypical bonding orbitals between bent and linear structures reveals that the 3d xy and 3d x 2 −y 2 atomic orbitals of the transition metal hybridize directly with oxygen 2 p orbitals to form bonds with density centered over the midpoint of the O-O distance when the molecule is bent. For linear structures, the 3d xy and 3d x 2 −y 2 orbitals instead are localized on the metal and do not participate in bonding. For late transition metals, (i.e., Co and higher), one would predict further filling of the minority spin 3d levels populates nonbonding and antibonding orbitals that do not favor a bent structure. In fact, the early transition metals (Sc-Cr) have been shown experimentally to have bent ground states, while the later transition metals (Co-Zn) have all been shown to be linear. 
IV. CONCLUSIONS
We have studied the geometric and electronic structure of the inserted dioxide form of MO 2 molecules (M = Mn, Fe, Co) using an extended Hubbard functional with both onsite U and intersite V interactions. Both U and V are determined from first-principles, linear-response calculations that maintain the parameter-free nature of this approach. The tendency of a "+U "-only approach to overelongate bonds, coupled with the shallower angular features of MO 2 molecules as M-O is elongated, promotes a dramatic but predictable change in structure that fails to agree with experiment for these studies. While improvements upon GGA+U may be obtained simply through constraining M-O bond distances to GGA or experimental values, we showed that a generalization that includes on-site and intersite interactions recovers with remarkable accuracy both structural and electronic properties for the systems studied. This suggests that a generalized +U +V functional could be used successfully in cases with strong covalent interactions.
We also showed that a counterintuitive increase in linearresponse U for increasing O-Mn-O angles is explained as a consequence of reducing hybridization between Mn and O and emptying of δ-like states in the minority spin manifold. By adjusting for this variation in occupancy, we obtained an adjusted linear-response U that is constant rather than increasing with increase in the O-Mn-O angle. In conclusion, the triatomic MO 2 transition-metal oxides represent an intriguing test case for DFT-based electronic structure approaches; discrepancies resulting from adding a "+U" term have been resolved and a new method for verifying the values obtained from linear-response has been proposed.
APPENDIX A: REVISITING THE LINEAR-RESPONSE HUBBARD U
Calculated values of Hubbard U for linear structures are at least 1 eV higher than the U scf values in the GGA bent geometry for all three MO 2 structures (see Table I ). This trend is roughly independent of spin state and transition-metal identity, but it is also counterintuitive. That is, we know that the linear structure becomes more energetically stable for higher values of U , and this lower energy corresponds to a reduced amount of hybridization and overall reduced sensitivity to an DFT+U approach with respect to the bent geometry. For the MnO 2 case, increasing the O-Mn-O angle increases occupations for the majority spin, while it simultaneously decreases occupations in the minority spin (Fig. 4) . The decline in Mn 3d minority spin density with increase in angle is also associated with a corresponding increase in oxygen 2p and 2s density. The response function declines more substantially with increased O-Mn-O angle in the minority spin manifold than for the majority spin (Fig. 4) . The primary source of reduced hybridization for MnO 2 is in the minority spin manifold and is owed to the decreased occupation of δ-like orbitals, d xy and d x 2 −y 2 , as the molecule becomes linear (Fig. 4) . As a demonstration of the role that the declining occupation of minority spin δ-like orbitals play in the apparent trend of increasing U with increasing O-Mn-O angle, we plot several representations of U in Fig. 5 . By considering only χ ↓, we observe that the resulting value of U ↓ is more sensitive to angular variations than the total U , indicating that the minority spin plays a dominant role in the coordinatedependence of linear-response U . We also plot in Fig. 5 an adjusted value of U that is defined by a coordinate-dependent response function, χ (r ):
where r refers to any variable over which a reaction or coordinate is defined. The χ i refer to individual response functions for each state i in the relevant manifold. A single reference point where all f i are maximal may often be chosen: in this case, an O-Mn-O angle of 100 • , is a point, r 0 , where both the number of states and their fractional occupation are maximally occupied along the reaction coordinate. A simplified approximation for the adjusted U (U adj ) may be made if we only consider occupation variations for the states that are occupied at some point along the coordinate but unoccupied at other points:
where N occ refers to the number of states that are occupied either maximally or minimally (in the case of total linearresponse U , these numbers are 10 and 8 respectively). The ratio f var (r )/ f var,max is the fractional occupation of the states that become empty at any given point divided by their maximum value at a reference point for comparison. The motivation of this form of adjustment of the linear-response U is that it highlights the fact that as n j → 0, χ j → 0 must also follow. The approximation to this form is validated if the net effect of the other consistently occupied states is, on average, constant. For a reaction coordinate where the maximum and minimum of N occ is the same number everywhere, the χ and U values are treated on equal footing. However, in cases, such as MnO 2 , where the number of occupied, localized-manifold states changes, the values of U at the different points are no longer equivalent. The change in occupied states corresponds strongly to an evolution from a highly covalent state to a state with greater ionic character. In Fig. 5 , the adjustment on U and U ↓ produces a value of U around 5.5 eV that is invariant with respect to O-Mn-O angle variation. These results suggest that the apparent increase in U for linear MnO 2 is unphysical, and a potential energy curve calculated at U = 5.5 eV would be most suitable for comparing bent and linear structures. An adjustment to the linear-response U may prove useful for cases where a large variation in geometric and electronic structure occurs.
